Atomic bonds at interfaces differ from those in the bulk; it follows therefore that interfaces may follow a different elastic response, from the rest of the material, during deformation. To allow for this mathematically the one-parameter gradient elasticity theory that was proposed by Aifantis and co-workers in the 1990s [Int. 30 (1992) 1279-1299, Acta Mech. (1993 is reformulated so as to consider explicit interface contributions. The gradient dependent potential energy of a polycrystalline material is enhanced with an interface term that is a quadratic expression in terms of the interface strain. As a result, the suggested interface formulation predicts continuous displacements and continuous strains but discontinuous strain gradients, which allow the interface to follow its own elastic behaviour. The size-dependent response of the formulation is shown in a one-dimensional example. The two-dimensional variant of the theory has been implemented with a meshless method, allowing the prediction of the strain distribution across interfaces during deformation.
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contributions were initially defined in the strain energy density but afterwards recast as surface energy terms.
This suggestion has shown its potential in the analysis of mode I and mode III crack problems, although the straightforward application to interfaces within the material would lead to the various terms cancelling each other and, hence, no interface effects would be obtained. It should be emphasized, however, that all gradient elasticity works to date, with or without surface energy terms, lead to a continuity of the strain gradient across interfaces, as opposed to the present work.
In this paper, we will define an interface contribution to the energy functional that allows for a nonambiguous manifestation of interface effects. The methodology of 161 is extended to the gradient elasticity theory proposed earlier by Aifantis and co-workers 12, 17/. The interface energy depends on the strain, not on the strain gradient. In particular, in Section 2 we will formulate the three-dimensional governing equations starting from stationarity of the energy functional. The additional complexity in going from second-order to fourth-order partial differential equations as regards the boundary conditions and interface conditions is addressed -the decomposition of the higher-order essential boundary conditions into normal and tangential components must be extended to the new interface terms. In Sections 3 and 4, the new formulation will be illustrated by studying simplified, one-and two-dimensional test set-ups in terms of effective stress-strain relations and the occurrence of size effects. Comparisons will also be made with the stress distribution suggested by classical elasticity and gradient elasticity without interfacial effects. Appendices are included that provide details of the earlier gradient elasticity discussions by Polizzotto (Appendix A) and Vardoulakis and co-workers (Appendix B) so that the similarities and the differences with the present formulation can be appreciated. In concluding it must be emphasized that since this is the first time that such a formulation is presented a detailed comparison with experimental data is not done, and the purpose of the ID and 2D examples considered is to show the new features of this formulation.
GRADIENT ELASTICITY WITH INTERFACIAL EFFECTS
Based on the works of Aifantis and co-workers 111 the overall energy functional for a gradient continuum that experiences elastic deformation can be defined as 
where 3Ω is the external surface, T° the applied traction, the elastic stiffness tensor, and C a characteristic length (often referred to as the internal length) required for dimensional consistency. In particular, we can define the first integrant of Eq. (I) as an enriched strain density U, i.e. 
where the partial derivatives in the first integral can be defined as
Sjj is viewed as the zeroth-order stress since it depends on the strain, while r,y m is the higher-order stress since it depends on the strain gradient. The usual infinitesimal relation between strains fand displacements u is used:
Exploiting Eqs. (5) and (6) 
(7)
It should be noted that the zeroth-order stress term is integrated by parts once, and the higher-order stress term twice. Finally, by performing a decomposition of Su t j (details in Appendix C) and minimizing Ψ by setting δΨ equal to zero we obtain the following equilibrium equation, boundary conditions and interface conditions:
~τ,jm,m)j =0 in Ω; In a first attempt to illustrate the features of the above formulation we consider the simple case under which a two phase bicrystal (with grain size equal to L) is strained in tension. The interface Γ is situated at x=0, and results from the different elastic moduli of the adjoining phases. Therefore, the domain under consideration can be thought of as being divided into two regions, one to the left of the interface and one to the right; superscripts (1) and (2) are used respectively to denote the properties of each region. It is assumed that the bicrystal is held fixed at x=-L, while the load V is applied at the other end, i.e. at x=L.
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In ID the elastic strain energy density reads where Ε is the elastic modulus. Inserting Eq. (9) in the equilibrium relation for our system, Eq. (8a), we obtain the differential equation 
ONE-DIMENSIONAL EXAMPLE
The constants of integration (A" B,) are solved by considering the following interface conditions
along with the boundary conditions: In order to solve the previous system of equations, we need to have an explicit expression for Eq. (12^0,
i.e. the interfacial penalty φ needs to be defined. If we consider a bicrystal, all atoms begin deforming upon application of an external load, but interface atoms deform in a different manner from the bulk atoms. Since, however, we assume that the bulk atoms behave in a linear elastic manner (the elastic strain energy density (2), is quadratic) we shall also let the interface energy be given by a quadratic expression for the strain
The parameter a is an interface parameter indicative of the stiffness of the interface. This interface parameter can be determined by considering the atomic configuration at the interface upon stress applications. If the applied load is zero Eq. (14) is also zero, and therefore the above interface energy ^does not account for the thermodynamic energy that is always present at interfaces (even at zero applied load);
since the thermodynamic energy is much lower than the mechanical interface energy /8/ it can be neglected as a first approximation. Now we can define all the boundary and interface conditions, and solve for the constants of integration (A" B). Furthermore, we can define the average strain as
which in turn provides the effective modulus as If interfaces are not accounted for (i.e. oc= 0 in Fig. 2 ) it can be seen that the strain distribution is smooth throughout the adjoining phases and hence the corresponding strain gradient is also continuous. Once, however, we account for an interface energy (i.e. a=10 N/m or a= lO^/m) a sharp corner appears in Fig. 2 at x=0 (i.e. at the interface), which implies that the corresponding strain gradient is discontinuous there as the newly presented theory suggests.
In Fig. 3 the corresponding size effect is shown. By plotting Eq. (16) as a function of the grain size L we see how the material response changes depending on its grain size. It can be seen that as the interface atoms are bonded tighter (large a), the overall material response is stiffer and the grain size plays a more noticeable role in determining the elastic response to deformation.
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In the construction of Figs. 2 and 3 it was assumed that the internal length t is constant throughout the bicrystal; an approximation made often in gradient formulations as it allows the computations to be simpler.
Physically, however, it is more likely that the internal length depends on the elastic modulus of the specific material, and hence it would be different in each phase. Therefore, in Fig. 4 the effect of having different internal lengths is captured. It can be seen from Fig. 4 that the constant internal length approximation generates results that differ significantly from the solutions that result from taking φ ί (2) as the underlying physics would suggest. 
MULTI-DIMENSIONAL IMPLEMENTATION
In order to analyze a 2D configuration, a numerical implementation will be employed. The starting point for a multi-dimensional numerical implementation is the weak form of the field equations, which is
where Su contains the appropriate test functions. Integration by parts of the lower-order term once and the higher-order term twice results in a j
where the natural boundary conditions and the interface conditions of Eq. (8) have been substituted. The above interface terms simplify considerably in the case that the interface is aligned with one of the coordinate axes, by which n ; n ; = δ and lSu,jC ukl u k j dQ+ \Su iJm C 2 C ijk ,u kJm dV + \Su,j } SutfdV .
Following the discussion in Section 3, we will assume that the interface energy is a quadratic expression in terms of the strains, by which δφ/ de,j = αε,·,·. Test and trial functions are discretised with shape functions //according to «, = Hj Uj and likewise for Su . The discretised system of equations can then be written as Ku = f (20) where / contains the externally applied tractions and ~ \ Ha jCjju Η υ j dV + J Hj, Jm ^ Cijkl Hkj,lm dV + ί HjijaHjjjdS .
The first term concerns the volumetric contributions as commonly found in classical elasticity formulations.
The second term is the volumetric addition found in gradient elasticity without interface terms /18/. The third term is the interface contribution, and it can be computed simply through shape function derivatives completely analogous to the classical contributions to the domain integral.
Continuity conditions are a relevant issue in the implementation of gradient elasticity theories. The higher-order terms in the domain integral require at least C 1 -continuity of the interpolation functions; that is continuity of the displacements and strains, but not of the strain derivatives. This is precisely the situation encountered at the interface in the one-dimensional investigations above, namely continuous displacements, continuous strains (through continuity of i) and discontinuous strain derivatives (through discontinuity of r), which yet again illustrates how natural the combination of gradient elasticity and the present interface formulation is.
Continuity requirements are not a trivial condition in case of standard finite element implementations. 
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theories /18, 26/. In this work, the EFG formulation developed in /18/ will be used and extended with the interface contributions as given in Eq. (21) . The continuity of EFG shape functions is normally larger than C 1 , which implies that some smoothing of the discontinuity at the interface of the higher-order stresses τ will take place. However, the EFG method is capable of capturing steep gradients, as illustrated in /27/, for instance.
TWO-DIMENSIONAL EXAMPLE
A strip with a centrally located interface is studied as shown in Fig. 5 . The width and height of the strip are equal to 10 mm, and the width of the interface is 5 mm. The bulk material parameters are taken as:
Young's modulus £ = 1000N/mm 2 , Poisson's ratio ν =0.33 and internal length C = \ mm. A displacement of 0.1 mm is imposed at the top edge, which results in an average vertical normal strain £yy =0.01 . In Fig. 6 the distribution of ε w is plotted for a range of values for the interface stiffness a. Taking a = 0 N/mm implies that only the bulk stiffness is present at the location of the interface. For relatively low values of the interface stiffness its influence is negligible, but larger values lead to a clearly distinguishable contribution of the interface. A more quantitative comparison between these four cases is shown in Figure 7 , where the vertical normal strain e w across the line x=0 mm is plotted for the same range of values for the interface stiffness.
As revealed by the one-dimensional results (see Appendix D), the interface stiffness a governs the material response in a similar way as the product of Young's modulus £ with the internal length £ . It is thus clear that the role of the interface becomes relevant in case a is of the same order of magnitude as Ε·£, which is confirmed by the strain profiles of Fig. 7 .
It should be noted that since the purpose of the present study was to illustrate how interface effects can be captured by the use of a separate interface energy term the numerical values of the material parameters were chosen without attempting to model a realistic system. However, the same trends would be valid for a corresponding physical system. 
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Fig. 7: Profiles of ε w across the interface which is located at χ -0 mm
CONCLUSIONS
Interface effects are of importance when describing the mechanical behaviour of bi-materials. One class of interface effects concerns the case of physical separation, arising from the presence of perturbations at the interface and should be modelled with discontinuous displacements and discontinuous stresses. Another class of interface effects, and the one studied in this paper, concerns the case when there is no physical separation between the adjoining materials. This has traditionally been simulated by continuous displacements but discontinuous strains. However, the underlying continuum theory for the bulk material in such instances did not contain any information on the microstructure. In this paper, we assumed the bulk material to be a microstructured material. To model the microstructure of the bulk material, an enriched continuum description was chosen, in particular the simple gradient elasticity theory formulated in the 1990s by Aifantis and co-workers /2, 13-14, 17-18/. This particular format of gradient elasticity expresses the stress-strain relation with additional strain gradients and these gradients are accompanied with one additional material parameter, which is denoted as the internal length scale.
The mechanical behaviour of the interfaces is modelled here by adding an interface contribution to the potential energy, whereby this interface energy is taken as a quadratic expression in terms of the interface strains. Stationarity of the potential energy results in a formulation in which displacements and strains are continuous but strain gradients may be discontinuous across the interface. The interface conditions for the Cauchy stress and the higher-order stress are expanded accordingly. As is common in gradient elasticity, the strains have to be decomposed into a normal part and a tangential part for the boundary conditions and interface conditions. It is noted that an interface energy in terms of interface strains would not be possible in classical elasticity, since classical elasticity is not equipped with higher-order stresses and therefore the interface contributions cannot be balanced. In contrast, the combination of gradient elasticity with interface energy expressed in terms of strains is natural and elegant, since all interface terms can be accommodated in the appropriate stress-related interface conditions.
The size-dependent behaviour of gradient elasticity without interfaces is also observed in the new gradient elasticity theory with interfaces. The effective stiffness is size-dependent, and the more so for larger values of the interface stiffness; a direct physical application is that according to which addition of impurities to the interface of a bi-material will increase its strength significantly. A more pronounced size effect was also found in case the two internal length parameters of the two materials were different. For multidimensional analyses a numerical implementation has been used based on the meshless element-free Galerkin (EFG) method. The continuity of the interpolation functions is a relevant issue in the implementation of gradient theories, and in particular for gradient theories with the suggested interface extension. The field equations require at least C'-continuity of the interpolations (that is, continuity of displacements and strains), whereas the interface conditions require exactly C'-continuity (that is, continuity of displacements and strains but discontinuity of the strain gradients). The applied meshless method provides a high order of continuity that is suitable for the field equations but too high for the interface conditions.
Future research could focus on a finite element implementation that satisfies the continuity conditions of field equations and interface conditions simultaneously, which could be used to model real bi-material systems, such laminates.
ACKNOWLEDGMENTS
Both authors would like to thank the European Community for its support through the European
Networks DIGA (HPRN-CT-2002-00220) and DEFINO (HPRN-CT-2002-00198).
APPENDIX A: GRADIENT ELASTICITY VERSUS POLAR-GRADIENT ELASTICITY
In a recent article, Polizzotto /11/ discusses two types of gradient elasticity and the implications on the boundary conditions. The two types are denoted "polar-gradient elasticity" and "gradient elasticity", respectively. They differ in the definition of the strain energy density.
• In "polar-gradient elasticity" the strain energy density consists of two parts, whereby the stress tensors s and r are identified as being conjugates to the strain and the strain gradient, respectively. Hence, the strain energy density reads • The strain energy density in "gradient elasticity", on the other hand, is defined through the Cauchy stress which is taken as a conjugate to the strain, that is
where the Cauchy stress is a y = s tJm = Cyy (ευ -( 2 ευ mm ). For a comparison with "polar-gradient elasticity" the higher-order part of the Cauchy stress must be integrated by parts. To this end, it is required to take the volume integral (hence going from strain energy density to strain energy). In particular, we will use The boundary integral can be further rewritten as
by which
The two expressions for the potential energy differ only by a boundary term. Indeed, as stated in Section and the boundary. However, the relevant boundary term is proportional to r,y m and, hence, to t 2 . It has been demonstrated that the energy underlying the higher-order terms of gradient elasticity cannot be expressed uniquely /12/ and in fact a divergence-free stress can be added to the description by which the boundary conditions change without altering the field equations. Although Polizzotto /11/ makes a subtle point on the various formats of gradient theories and their implications, a re-definition of the strain energy along these lines does not seem to be a viable option to include interface effects in a non-ambiguous manner.
APPENDIX B: GRADIENT ELASTICITY WITH SURFACE ENERGY
In a series of papers, an alternative format of gradient elasticity has been proposed in which an additional term is included that is related to surface energy /13-15/. The additional term was defined as a contribution to the strain energy density, which can be written as
where G is the shear modulus of the bulk material and an additional length scale (' is introduced. The additional term is now identified as a surface energy. Note that if «J_v the surface energy contribution vanishes; in the above-mentioned works it was taken that η = ν . For this latter case, the format of the surface energy term is similar to the interface energy term proposed in the present paper, namely
proportional to the square of the strains. Furthermore, we note the following:
• In our work, the additional energy term is defined directly in the potential energy, not in the strain energy density. As a result, the stress tensors s 0 and T ljm are not affected, which keeps the formulation transparent.
• A straightforward extension of the above mentioned surface gradient terms to interfaces would lead to the various contributions on either side of the interface cancelling out one another or, in other words, to higher-order stresses τ"" that are continuous over the interface.
• Taking n=v implies that GC plays a role similar to the interface stiffness a. Whereas a is related to atomic bonding, the parameter that is specific to the surface energy (namely (.') sets an effective width of the surface layer. where
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It should be noted that DSu i = Su jm n m is the derivative in a direction normal to 5Ω . From Eq. (7) we can see that the two terms that need to be decomposed with respect to Su i; are 
C.1.2 Interface term
In order to make the notation easier to follow we re-write the interface term as 
C.2: Jump conditions
In order to deduce the interface conditions that result from Eq. (7) we must note that Eq. (C.9) must first be expanded, since the higher-order tractions and normal vectors assume different values/signs depending on which side of the interface we are concerned with, i.e. where the brackets | ] denote the jump of the enclosed quantity from "side 2" to "side 1" of the interface. 
APPENDIX D: CONSTANTS FOR ID EXAMPLE
